We use the 1+1 dimensional φ 4 and φ 6 theory to test the oscillator representation (OR) method. We discuss advantages of the OR method and compare the results with what was already obtained by the method of Gaussian effective potential (GEP). We found that in comparison with the GEP approach, the oscillator representation method allows to discover new vacuum states in the theory. This leads to a correction of the GEP results for the actual vacuum state in some domain of the coupling parameter space. We also discuss the Hartree approximation in φ 4 theory comparing with the OR and GEP results.
I. INTRODUCTION
The problem of quantization of interacting fields is not yet completely solved. Most results in quantum field theory are obtained using the method of perturbations, where instead of interacting fields their free analogs are actually quantized. The perturbation theory provides systematic predictions, as well as some physical insight how the interaction can affect the properties of the system. In particular, it is well known that the interaction can generate terms like mass and/or lead to a redefinition of the coupling constant.
The oscillator representation (OR) method we are testing in this paper is based on the free field representation of Hamiltonian for the system under study. It was explicitly formulated by Efimov [1] and was, in fact, used earlier by Chang [2] and Magruder [3] , though in some indirect way. The method is at length described in a monograph [4] . It was noticed there [4] that the results of the method coincide with what was already found by other methods. In this paper we pay more attention to distinct aspects of the results and discuss the property which was not mentioned before. Especially, the OR gives several different mass values of the quantum field for fixed values of coupling constants using a fixed renormalization procedure and a fixed ultraviolet cut-off of the theory. This also supports us to have a hope that the OR might be useful even for the unification of particles inside the Standard Model families and the understanding of excited potentials in quantum chromodynamics (QCD) for the hybrid quarkonium states [5] beyond the well-known lowest-lying confining potential for the conventional hadrons.
The basic idea of the method is to redefine the mass of interacting field relative to the free one and simultaneously introduce a shift of the field quantization point leading to a nonzero value of its vacuum condensate. This effect is realized in the nature represented by a spontaneous symmetry breaking mechanism and thus one can expect that it may be a general feature of quantum field systems with interactions. Formally, the OR is settled by requiring that the Hamiltonian operator should be written in terms of creation and annihilation operators of an oscillator basis with an appropriate frequency and in the correct form defined by (1) all field operators in the total Hamiltonian H = H 0 + H I are written in the normal ordered product, (2) the Hamiltonian H 0 is quadratic over the field operators, (3) the interaction Hamiltonian H I contains field operators in powers more than two.
In this work, we apply the OR method to the (φ 6 ) 1+1 theory:
where the results from the variational method of the Gaussian effective potential (GEP) have also been studied [6] . Using the OR method, we compute the critical couplings of g and h and find the domain in the coupling parameter space where the nontrivial vacuum solutions exist. Our results show that the domain of nontrivial vacuum solutions in the coupling parameter space obtained by OR is larger than the one obtained by the GEP method [6] . In Section II, we present more details of the OR method using the φ 4 theory which can be easily deduced from the lagrangian density of φ 6 theory by taking h = 0. We compare the OR results with the results obtained by the other available methods such as the GEP and the Hartree approximation. In Section III, we apply the OR method to the (φ 6 ) 1+1 theory and discuss the new results over the GEP results. Summary and conclusions follow in Section IV. In the Appendix, we briefly summarize some details of the Hartree approximation in the (φ 4 ) 1+1 theory and discuss an equivalence between the two nontrivial vacuum solutions in this approximation.
II. THE OSCILLATOR REPRESENTATION METHOD
The usual recipe to produce a quantum system comes from the correspondence principle. Namely, a quantum system can be obtained from its classical analog by assuming that the field is not a c-number but an operator satisfying relevant commutation relations. The oscillator representation method is a generalization of this scheme. To start with, let us consider the φ 4 theory as a simple example. The Hamiltonian density of the classical field is given by
To plug the quantum physics in, we postulate that the field φ and the corresponding conjugate momentum π are operators which satisfy canonical equal time commutation relations
The usual approach to quantize the field, i.e. to find the operators φ and π which satisfy the condition (2) is to start from the free field, where g=0. Then the operators are
where k = (ω m , k), ω m = √ k 2 + m 2 and the operators of creation and annihilation of the particle of mass m and momentum k satisfy commutation relations
With this definition the state a + m (k)|0 > is an eigenstate of both free Hamiltonian and momentum operators with corresponding eigenvalues ω m and k.
In the case of interacting field the states a + m (k)|0 > are not already eigenstates of the full Hamiltonian. Nevertheless, in the case of small interaction strength, the free representation of field operators can be a good starting point to develop a perturbation theory. The Hamiltonian density operator is then written as
Here we emphasize that it is based on the field operators which correspond to the free theory.
Since the interaction can change the mass, the free field representation (3) may not be unique. Usually this is related to renormalization group transformation when a special simultaneous variation of mass, coupling constant and field normalization is performed in such a way that all physical quantities stay the same. The transformation changes the cutoff point of a quantum theory, although the physical contents of the theory do not change.
Yet, there exists another possibility to change parameters of the theory. In distinction from the renormalization group transformation, this kind of reparameterisation can be done for a fixed cut-off parameter in a fixed renormalization scheme.
Let us consider the essential point of these reparameterisations, i.e the change of mass, which can affect the choice of representation for the free field quantization. For the free field operators, the change of mass m → M of particles is described by the Bogoliubov-Valatin transformation:
i.e. free M field operators can be expressed in terms of the m operators.
A consequence of the ambiguity of the mass definition due to interactions comes from the ambiguity in the choice of the initial representation of the interacting field. This was emphasized in Coleman's paper [8] . He also proposed a useful technique on how to redefine a normal ordered product of any number of field operators with respect to a new value of mass in the case of (1+1) scalar field theory. The redefinition after the mass change is given by formulas [2, 8] :
where β is some arbitrary c-number, N m (N M ) stands for the normal ordering of an operator with respect to the initial mass m (the new mass M), φ m is the free quantum field defined by (3) and φ M is the quantum field of independent quasiparticles for which representation (3) is valid after changing m → M. The expression (8) can be rewritten as
where [
] is integer part of n 2 . The most simple illustration of nontrivial solutions in this case is the 1+1 dimensional φ 4 theory. Rewriting the Hamiltonian (5) in terms of the quasiparticles using Coleman's formula of normal ordering rearrangement, one gets
where t = log(
For a consistent description of the dynamics in terms of the quasiparticles one should provide the right form of the Hamiltonian, i.e. the free part should correspond to that of free M field and the interacting part should contain only terms with powers of φ M larger than 2 [4] . As it can be seen, the expression (10) itself can not provide this requirement for field with mass other than m. Revising just the mass does not lead to a nontrivial solution and thus an additional transformation is obviously required. The latter can be done by shifting the quantization point of the field, which makes the quanta of the field to be produced around some value φ 0 =0.
Let us now perform a transformation:
Then the Hamiltonian density is written as [4] :
where
is the right form of Hamiltonian density for M field,
ε M is energy density of the M vacuum,
and
is a remainder. To have the Hamiltonian in the right form the remainder must be equal to 0. Thus we have two equations and two variables, t and b, to find. The equations have three solutions, one of them is trivial: t = 0, b = 0. Two others are shown in Fig.1 . It is very important to note that the Hamiltonian which classically contains only one sort of particles gives a family of several fields described by local operators with different masses after the quantization with a fixed renormalization procedure. It gives a hope that there exists a possibility to unify the observed large number of fundamental Standard Model particles without invoking the ideas of strings and/or supersymmetry, i.e. to discover (field theoretically) a unified standard model that goes beyond the existing Standard Model. Also, it may provide a useful tool to understand the existence of excited potentials in QCD for the hybrid mesons [5] beyond the well-known confining potential for the conventional mesons.
An analysis of realistic models using the oscillator representation method is quite complicated (see, for example, discussion for 3+1 dimensional φ 4 theory in [4] ) due to substantial sophistication of the renormalization procedure. At the same time, even in simple models the work of OR method is not fully studied.
The comparison of the OR predictions with others is done for 1+1 dimensional φ 4 theory. Two other approaches are available: Gaussian effective potential (GEP) [9] and Hartree method [10] . In higher dimensions, however, these methods may have a rather fundamental difficulty since they come across a renormalization problem in computing their error measures [11] . In the 1+1 dimensional case, the results of calculations for the critical points, where the vacuum energy for nontrivial solutions becomes negative, are the same for all of these methods. Nevertheless, there exist important differences in predictions of these methods. First of all, in both GEP and Hartree type calculations there exist only two solutions: a trivial and a nontrivial 1 . The OR method gives three solutions, one trivial and two nontrivial. The dependence of the "nontrivial field" mass on the effective coupling constant in the OR method is quantitatively different from the other methods as shown in Fig.1 . The absence of one of the nontrivial phases in GEP and Hartree methods could appear since their distinction of phases is based on the comparison of their energy, and the vacuum energy density of the second nontrivial phase corresponding to the dashed line in Fig.1 is very close to zero. It is not yet clear, however, which of the methods works better since all of them use approximate (free) representation to quantize interacting field. In order to pin down precisely which method provides the most effective approximation to the exact solution of the theory, one may need to make "experiments" on the lattice.
Nonetheless, among the three, the OR method seems to be most attractive for the following reasons: i) the problems of renormalization in higher dimensions are technical, but not principal; ii) it is not obvious whether the variational principle of quantization is equivalent to those well-known methods such as the canonical quantization and the path-integral quantization, while the OR method is manifestly based on the canonical quantization.
III. THE APPLICATION OF OR METHOD TO THE (φ 6 ) 1+1 THEORY
Using the OR method, we now compute the parameters of different phases for the scalar field theory with both φ 4 and φ 6 interactions. This is quite interesting since we can compare the results with what was already found using the method of GEP [6] .
The starting classical Hamiltonian density is
The way of going further is the same as in the case of φ 4 theory. Using formulas (7), (8) and shifting the quantization point, we get:
is the "right" Hamiltonian density,
is a remainder and
is the energy density of the vacuum. The requirement to have the Hamiltonian in the right form means that the remainder H 1 is equal to zero. This gives the following two equations for t and B (B = b
2 ):
where G = g/m 2 and H = h/m 2 are dimensionless couplings. Solving the equations (21)-(22) numerically, we found three nontrivial solutions for the system. Their evolution for different values of G and H is shown in Figs.2-5 .
The actual vacuum state for given values of G and H is chosen by the condition that the corresponding vacuum energy density should be the least among all possible:
The diagrams of the vacuum energy densities in Figs.2-5 allow to define the actual vacuum solution for given values of G and H.
We also made comparison with results of the GEP calculation, which can be found in Ref. [6] 2 . Again, as in the pure φ 4 case, the OR method gives more nontrivial phases 2 In Ref. [6] , Stevenson and Roditi used somewhat different notations for couplings. Their couplings α and β are related to our G and H as α = 3G 8π and β = 45H 8π 2 , respectively. The boundary of allowed regions for α and β were found as a curve (See Fig.1 of Ref. [6] ) that can be drawn by the following formulas: α = (2z + 3 + (z − 3)e z )/z 2 , β = 3(z + 2 + (z − 2)e z )/z 3 with 0 < z < ∞. than the GEP. What is even more important, the OR method allows to find a new vacuum solution (represented by dot-dashed lines in Figs.2-5 ) minimizing the vacuum energy density which was not found by the GEP. Taking into account this new solution, it is possible to observe the "rabbit" structure of the phase diagram as shown in Fig.6 . Without this phase the OR method reproduces the GEP result (Fig.1 in Ref. [6] ). A peculiar feature of the new solution(dot-dashed lines in Figs.2-5) is that the value of b is imaginary. This nevertheless does not lead to an appearance of some effective charge in the theory, since the point of quantization is fixed as pure imaginary and can not be rotated by any arbitrary phase.
As shown in Fig.7 , the value of classical potential around the minimum point in the OR Hamiltonian is also in a good agreement with the value of the effective potential obtained by the GEP method (Fig.3 in Ref. [6] ). Far from the minimum, however, the difference between them is quite sizable. Nevertheless, this difference does not have any physical significance because, in the free field approach that both OR and GEP methods share, only the behavior of the potential around the minimum is important.
It should also be noted that the nontrivial solution can exist for any nonzero value of coupling G in the presence of φ 6 term (Note that the nontrivial solution existed only for G >9.04 in the pure φ 4 case.). This is interesting in connection with the Haag's theorem [12] , according to which, if the vacuum state of a Lorentz invariant theory is unique, then all of its observables are identical with those of the free theory. Even very small admixture of φ 6 interaction to the φ 4 theory allows to have a set of vacuum states for any value of the φ 4 coupling and thus to overcome the conditions of the theorem.
IV. SUMMARY AND CONCLUSIONS
Our main goal in this paper was to test how the method of oscillator representation works in the case of 1+1 dimansional φ 4 and φ 6 theory. The oscillator representation method is a generalization of the canonical quantization scheme. It uses canonical commutation relations for free field operators but employs a possible condensation of the field (shifting of the quantization point) and a change of the field mass. Physically these two effects are expected to be in close connection to each other: quantum fluctuations can generate an additional mass through the interaction with the vacuum condensate.
The most important property of the method is that for the fixed classical Hamiltonian and renormalization procedure it gives several different solutions for the mass of quantum field. The corresponding fields are described by local operators and may be identified with different fundamental particles. This also gives a hope to unify the observed large number of fundamental Standard Model particles without using ideas of supersymmetry and/or strings and understand the excited potentials in QCD for the hybrid quarknoum states.
The study of the method on simple models is necessary because it is still approximate and exploits free solutions to quantize interacting fields. Using the (φ 4 ) 1+1 theory, we compared the OR results with the results obtained by two other approaches such as the GEP and the Hartree approximation. Although the critical values of coupling constant G turned out to be same for all three methods, the OR method provided the larger number of nontrivial vacuum solutions and the quantitatively different dependence of the nontrivial field mass on the effective coupling constant, compare to the GEP and the Hartree approximation (See Fig.1 and discussions in Section II). We have further chosen 1+1 dimensional φ 4 and φ 6 theory to be able to compare the results of OR method with what was already obtained by the GEP. We found different solutions for the mass of quasiparticles in the theory using the OR. Comparison of the results between the OR and the GEP reveals that, although the main results coincide, the OR method allows to observe the larger number of nontrivial solutions for the mass of the quasiparticles. In particular, one of the solutions provides an actual minimum of the vacuum energy density in some interval of coupling constant values. This leads to correct the phase diagram of the theory which was originally derived in GEP calculations, as shown in Fig.6 . In higher dimensions the GEP comes across the problems with renormalization and it may be difficult to use it for the comparison. In principle, the best way to check how good the method works may be the direct "experimental" tests of its predictions on the lattice. Considerations along this line are in progress.
APPENDIX: Hartree Approximations in the
The essential idea of the Hartree approximation [10] is to linearize the non-linear field equations using the mean fields, e.g. φ 3 → 3 φ 2 φ − 2 φ 3 , etc., splitting the fields into classical mean fields (φ c = φ ) plus the quantum fields(φ q ), i.e. φ = φ c + φ q . In the classical limit, we know that the ground state is given by φ 
Using the solutions of Eq.(A1), one can find that φ c = c is a local minimum (maximum) of V (φ c ) for 4πc 2 > 3(0 < 4πc 2 < 3) while φ c = 0 is always a local minimum. For 0 < 4πc 2 < 3, a nontrivial local minimum exists at φ c = c 2 − 3∆ < φ 2 q > = c ′ . Expanding V (φ c ) in each of the local minima, one can introduce the following mass parameters;
Then, the intrinsic strength measured in terms of these mass parameters are given by the dimensionless couplings;i.e.
For the entire c 2 > 0 region, it turns out that the nontrivial vacuum solutions exist only for g 0 ≥ g crit ≈ 9.045, where the critical coupling g 0 = g crit occurs at 4πc 2 = 3. Thus, it appears that one can find the two nontrivial vacuum solutions; one for 4πc 2 > 3 and the other for 0 < 4πc 2 < 3. However, we find that the two solutions are indeed identical in the sense that g c and g c ′ coincide when we plot them (See Fig.8 ) as a function of g 0 , i.e. g c (g
We also notice a duality between the theory with g 0 based on the trivial vacuum φ c = 0 and the theory with g c (or g c ′ ) based on the nontrivial vacuum φ c = c for 4πc
. Namely, a strong coupling g 0 theory is identical to a weak coupling g c (or g c ′ ) theory. 
